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An analytical and experimental study for assessing the potential of reliability-based structural optimization
is proposed and described. Competing designs obtained by deterministic and reliability-based optimization are
compared. The experimental portion of the study is practical because the structure selected is a modular, actively
and passively controlled truss that consists of many identical members, and because the competing designs are
compared in terms of their dynamic performance and are not destroyed if failure occurs. The analytical portion
of this study is illustrated on a 10-bar truss example. In the illustrative example, it is shown that reliability-based
optimization can yield a design that is superior to an alternate design obtained by deterministic optimization. These
analytical results provide motivation for the proposed analytical-experimental study, which is described elsewhere.

Nomenclature

c = total cost of damping control system

cy = maximum allowable total cost of damping control
system

E(x;) = mean values of gains of active members (i = 1, 2) and
damping factors of passive members (i = 3, 4)

F; = failure mode associated with the ith vibratory mode

Fi = system failure

P(F;) = probability of occurrence of failure mode F;

P(F,) = probability of system failurc

R, = system reliability, | — P(F})

X = normalized gains of active members [ and 2 (i = 1, 2)
and normalized damping factors of passive members
3and4 (i =3,4)

By = system reliability (or safety) index

& = damping factor of the ith vibratory mode

Lo.i = lowest acceptable damping factor for the ith vibratory
mode

D) = cumulative probability distribution function of a

standard Gaussian random variable

Introduction

VER the last two decades significant advancements have taken

place in both the theory of and computational techniques used
in structural reliability.' = Analytical studics have demonstrated that
reliability-based optimization can be more effective than classical
deterministic optimization for designing aircraft structures because,
for a minimum required reliability level, reliability-based optimiza-
tion provides a more efficient design than deterministic optimization
(e.g., Ref. 4). Tong and Yang® and Wang ct al.® have also compared
reliability-based and deterministic optimization. First they®-® min-
imized the weight of a 10-bar truss using deterministic constraints
for static displacements and stress. Then they redesigned the truss
using reliability-based optimization. Again they tried to minimize
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weight, but this time they considered that the properties of the truss
were random and required that the reliability exceeded a minimum
value. They found that the reliability-based design yielded a de-
sign that had higher reliability than the deterministic design, but
the reliability-based design was also heavier. The main difference
between Tong and Yang® and Wang ct al.® on one hand and Yang
et al.* on the other is that Tong and Yang® and Wang et al.% compared
designs that had both different reliabilities and weights, whereas
Yang et al.* compared the weights of two designs that had the same
reliability. However, the superiority of probabilistic over classical
deterministic methods has not been proven in rcal life design or by
experiment. This is one of the critical reasons that reliability-based
optimization has not been applied to acrospace structures. (In this
paper, the terms reliability-based optimization and probabilistic op-
timization are used interchangeably to refer to optimization in which
uncertainties and probability of failure are taken into account.)

Three critical issues involving the accuracy of and basic assump-
tions behind the methods for structural reliability assessment are as
follows.

1) In reliability-based design, it is difficult to quantity ail impor-
tant uncertainties. For example, there is no consensus about how to
quantify uncertainties that are a result of assumptions and simplifi-
cations in analysis procedures (modeling uncertainties). Moreover,
it is difficult to collect sufficient data to develop accurate models of
modeling uncertainties. Moore’ provided examples of probabilistic
analysis, which involved modeling uncertainties,

2) In many cases, there are significant errors in the assumed prob-
ability distributions of some random variables, such as, for example,
the loads. Usually, the probability distribution of a load is estimated
by analyzing sample values that are in the vicinity of the mean value
and not in the right tail of the probability distribution. Since most
failures occur when a load is large, however, it is the right tail of
the probability distribution of a load that is important in reliability
assessment. Similarly, it is difficult to determine the shape of the
left tail of the probability distribution of material properties, which
is also critical in reliability assessment. For some random variables,
including the load and material properties just cited, a small error
in the assumed distribution may cause a large error in the estimated
probability of failure. The problem, which is often referred to as the
tail sensitivity problem, is a serious consideration when assessing
reliability.?-®

3) In many cases, the results of reliability analysis are very sensi-
tive even to small changes in modcls of a structural configuration or
of the applied loads. Pittaluga® has demonstrated how dramatically
modeling crrors affect the estimated probability of failure of a ship
structure.
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As aresult of the aforementioncd problems, the probability of fail-
ure that is calculated in reliability analysis, and used in reliability-
based design, can be significantly different from the actual failure
probability. It is generally agreed that this nominal failure proba-
bility should be interpreted as a subjective measure of safety rather
than as the actual failure probability. Consequently, it is important
to answer the following question. If this nominal failure probability
is used as a surrogate for the actual failure probability in reliability-
based optimization will the resulting designs still be better than their
deterministic counterparts?

If designers are to accept probabilistic methods as practical design
tools, itis important to demonstrate experimentally that probabilistic
methods can yield better designs than deterministic methods, despite
the described difficulties. However, demonstrating the advantages
ol reliability-based optimization is not a simple task. To do so, many
pairs of alternative structures obtained using reliability-based opti-
mization and deterministic optimization must be constructed and
tested, and their performance compared based on specified failure
criteria. Depending on the failure criteria selected, it might be neces-
sary to destroy a large number of sample structures to obtain a valid
assessment. Since destroying a large number of structures would be
impractical for this study, the structure and its failure modes were
chosen in a way that failure would not imply its destruction.

The objectives of this paper are twofold. The firstis to propose and
describe an analytical-experimental study to assess the advantages
of reliability-based optimization. The study will establish a practical
procedure to compare reliability-based optimization with determin-
istic optimization. The second is to demonstrate with an analyti-
cal example that reliability-based optimization can lead to a design
that is superior to a design obtained by deterministic optimization.
This example will only illustrate the analytical part of the proposed
study.

The key feature of the study is to use an actively and passively
controlled modular truss structure and consider a large number of
failure events that do not imply the destruction of the structure or its
members. Such a failure event occurs, for example, when the damp-
ing ratio of a vibration mode falls below a specified value and/or
when the vibration amplitude at some given location exceeds a max-
imum allowable value. During tests, the truss can be disassembled
and rcassembled after rearranging its members randomly. Thus, a
large number of identical random samples of the same design can be
tested at low cost. The large number of random samples, together
with the large number of failure events, eliminates the factor of
chance when comparing a probabilistic design with an alternative
deterministic design and makes it possible to draw valid conclusions
regarding the effectiveness of reliability-based optimization.

In the proposed study, two trusses arc designed: one using de-
terministic optimization and the other using reliability-based opti-
mization. In both cases the objective is to maximize safety; however,
because the definition of safety differs in the two cases, the final de-
signs are different. A large number of both designs are constructed
and tested. The design that has the smaller number of failures is
accepted as being better.

The general procedure for comparing deterministic optimization
with reliability-based optimization is presented first. Then, the struc-
ture that is proposed for the study is described. Finally, an analytical
example involving a 10-bar truss is used to provide motivation for
the study and to illustrate some of its steps. When compared, the
probabilistic design that is obtained in the example is superior to the
deterministic design. The results of the experimental comparison of
deterministic and probabilistic design are described in Maglaras
etall!

Description of Analytical-Experimental Study

The proposed study consists of an analytical part and an exper-
imental part. In the analytical part, two trusses are designed: one
using reliability-bascd optimization and the other using determin-
istic optimization. In each case, the objective is to maximize safety
without exceeding its specified cost. In deterministic optimization,
salety is quantified by the margin of safety; in reliability-based op-
timization, safety is quantified by the system reliability. After the
two trusses are designed, their system reliabilitics are evaluated and
compared analytically.

In the experimental part, many samples of the probabilistic and
deterministic designs are tested to determine their dynamic perfor-
mance. Then, the number of failure events for the two types of
designs arc compared. Failure events are defined by unacceptable
dynamic behavior. Examples include cases where the damping ratio
of any of thec modes is smaller than a prescribed minimum valuc,
or the vibratory amplitude of any node is larger than a prescribed
maximum value. In the tests, if the percentage of failures for the
probabilistic designs is smaller than the percentage of failures for
the deterministic designs, it is concluded that the probabilistic de-
signs are safer. Moreover, because both designs have the same cost,
the reliability-based design would be a more effective approach for
structural design.

Analytical Part of Study, Probabilistic and Deterministic Design

Frangopol'! reviewed several formulations of system rcliabil-
ity optimization problems. A system reliability-based optimization
problem, which considers only one objective, seeks to minimize one
of the following quantities: 1) the total expected cost, which is the
sum of the initial cost of a structure and the expected cost of failure,
which is proportional to the probability of failure; 2) the initial cost
of a structure so that system reliability exceeds a minimum value;
and 3) the system probability of failure so that cost is kept below a
maximum value.

The first formulation has been rarely used. In this study we se-
lected the third formulation, which maximizes safety for given cost,
because it allows for an easier experimental comparison of proba-
bilistic and deterministic optimization than the second formulation.

When a structure is designed probabilistically to maximize its
safety, the objective is to minimize the probability of system failure
P(F,). This is done subject to the requirement that the utilized re-
sources (cost, weight, energy expended) do not exceed the allocated
resources. It is assumed that the system fails if its dynamic behavior
is unacceptable.

For example, failure of the system can be defined as the event
in which the damping ratio of any vibratory mode talls below a
fowest acceptable valuc for that mode. Specifically, the failure mode
associated with the ith vibratory mode F; is an event that occurs if
the damping factor of the ith vibratory mode ¢; becomes less than
the lowest acceptable damping for that mode, ¢ ;.

That is,

Fiigi < Qo i=1,....n ()
Because of this definition, there is a one-to-one correspondence
between failure modes and vibratory modes. Thercfore, the same
subscript is used to specify the failure mode and vibratory mode
number. In general, there is no one-to-one correspondence between
failure modes and vibratory modes.

When a structure is designed deterministically to maximize its
safety, the objective is to maximize the margin against failure. Using
the preceding example and notation, the margin of safety for failure
mode { is defined to be ¢; — ¢y;. Thus, the objective is as follows.

Maximize:

min(¢; — &o.q) i=1,..., n (2)

such that the utilized resources do notexceed the allocated resources.
It is assumed that the same resources are allocated in deterministic
and probabilistic design.

After the two alternate trusses are designed, their probabilities of
failure are evatuated analytically and compared. If the probabilistic
design has a significantly lower failure probability than the deter-
ministic design (for example, if it is 50% of the failure probability
of the deterministic design), then it is anticipated that the proba-
bilistic design will perform better than the deterministic design in
an experiment in which many samples of the two designs are tested.
Since it is difficult to measure small differences in probabilities of
failure, the experimental part of the study is undertaken if and only
if the failurc probability of the probabilistic design is significantly
lower than that of the deterministic design. Otherwise, the design
requirements are redefined (by changing the required damping fac-
tor, allowable vibration amplitude, etc.) to produce two new designs
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Fig.1 Typical experimental truss, without dampers.

that do have significantly different failure probabilities. These new
designs can be used in the experimental part of the study.

Experimental Part of Study

Here we describe only the gencral properties of a structure that
can be used for experimental comparison of reliability-based design
and deterministic design. This comparison has been completed and
described in Maglaras et al.*"

Testing involves a large number of pairs of structures, each pair
consisting of a design obtained by deterministic optimization and
a design obtained by reliability-based optimization. The number of
structures of each type that fail is recorded. If the mathematical
models that describe the uncertainties and structural response are
sufficiently accurate, then it is likely that more deterministic than
probabilistic designs will fail. This will demonstrate that the prob-
abilistic design is more reliable than its deterministic counterpart.

Description of Experimental Structure

A modular truss, as shown in Fig. 1, was selected for the study
because, as explained in the [ntroduction, it is suitablc for the exper-
imental procedure. The truss consists of two sets of identical struts
bolted together using joints. Concentrated masses can be attached
to the joints. The dynamic behavior of the truss is controlled by
using active struts and/or passive dampers. The truss in Fig. | has
no dampers.

Active struts consist of piezoelectric sensors and actuators within-
tegral control. This type of active member is described by Preumont
et al.'? and Ponslet et al."?

Passive dampers can be constructed by coating struts with vis-
coelastic material, which allows the members to absorb energy. The
behavior of the passive members is nonlinear because both the damp-
ing factor and the stiffness depend on the displacement amplitude.
Moreover, the damping factor depends on the temperature and the
frequency. Jones'* reviewed the characteristics of viscoelastic ma-
terials when used for damping applications. Other passive damping
concepts will also be explored.

There is uncertainty in the damping ratio and stiffness of both the
passive and active members, because of variability between sam-
ples and because of the dependence of these quantities on both the
deformation and temperature of these members. In addition, the di-
mensions of the structural members, the material properties, and
the weights of the concentrated masses vary randomly because of
manufacturing imperfections.

Example: 10-Bar Truss

The following analytical example illustrates the procedure de-
scribed earlier and demonstrates that reliability-based optimization
can produce a superior design. In the example, two 10-bar trusses
are designed and compared. One truss is designed using determinis-
tic optimization and the other using reliability-based optimization.
In both cases the objective is to maximize safety. Topics presented
include the optimization procedures, the resulting two designs, and
the performance of the two designs.

Each of the two alternative designs was assumed to fail when the
damping ratio of any of the first four natural vibration modes fell
below a specified value. Two active and two passive members were

Table 1 Properties of 10-bar truss and design requirements

Element cross-sectional area, m? 0.132. 1073

Length of short members, m? 9

Young’s modulus, N/m? 70 - 10°

Density, kg/m? 3-10°

Concentrated masses, kg 10

Nominal gains of active members, 0510~
m/N-s

Nominal damping factors of passive 200
members, N - s/m

Lowest acceptable damping ratio, % 2.5

Maximum allowable cost, $* 249

Cost of active members, $
Cost of passive members, $

100/unit of normalized gain
20/unit of normalized damping factor

4Values selected for the unit costs are arbitrary and are used for illustrative purposes
only.

1
3
Y, 2
4
q
=
A 1
Active Passive Joints with
> members — members e concentrated
masses

Fig. 2 Example using 10-bar truss; numbers indicate locations of the
corresponding design variables.

used to control damping. The truss configuration and the locations
of active and passive members and concentrated masses are shown
in Fig. 2. Each active member consisted of a piezoelectric stack to
provide actuation and a force transducer to provide sensing. An in-
tegral control law was used. The truss properties that were used in
the optimization are presented in Table 1. The members were mod-
eled as bars that resist extension and compression, not bending. In
some modes, especially the higher ones, bending can be important.
In these modes the flexibility of the joints can also be important.

Optimization Procedures and Results

In the following section, the deterministic and probabilistic opti-
mization procedures are summarized and the final designs arc pre-
sented. The two optimization procedures differ only in the objective
function. In the deterministic case, the objective is to maximize
the minimum margin of safety. In the probabilistic case, the ob-
jective is to minimize the probability of system failure. In both
cases, the algorithm that was used for the optimization was an
extended interior penalty [unction technique incorporated in the
code NEWSUMT-A." This solves linear and nonlinear optimiza-
tion problems with both equality and incquality constraints. The user
provides subroutines for objective function and constraint evalua-
tion. For example, in this problem, we provided subroutines that
calculated the damping ratios of the modes (deterministic and prob-
abilistic optimization) or the system probability of failure (proba-
bilistic optimization). NEWSUMT-A finds the values of the design
variables that minimize the objcctive function and satisfy the con-
straints. The basic algorithm used in NEWSUMT-A is the sequence
of unconstrained minimizations using Newton’s method with ap-
proximate derivatives for unconstrained function minimizations.

Deterministic Optimization

The optimizer tries to maximize the lowest margin of safety. The
gains of the active members and the damping factors of passive
members were assumed to be deterministic. Failure was defined as
adamping ratio that was less than a specified allowable value for the
first four vibration modes. Because the allowable value was the same
(2.5%) for each vibration mode, the optimization procedure reduces
to maximizing the lowest damping ratio. During the optimization,
the total cost associated with the active and passive members was not
allowed to exceed the maximum allowable cost. The optimization
is defined formally as
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Table 2 Deterministic optimum for 10-bar truss example

Member type/member Normalized gain or

number damping factor Cost, $

Active/1 1.848 184.8

Active/2 0.530 53.0

Passive/3 0.559 11.18

Passive/4 0.0 0.0
Maximize:

min(gy, ..., 1) &)

Subject to:

¢ = 100(x; + x2) + 20(x3 + x4) < ¢y

Design variables were the normalized gains x; and x, of the ac-
tive members and the normalized damping factors x3 and x4 of the
passive dampers. The subscript on x indicates the member number.
Locations of the active and passive members are shown in Fig. 2.
Because the damping ratios are nonlinear functions of the gains and
damping factors Eq. (3) is a nonlinear optimization problem.

Table 2 presents the values of the gains and the damping factors
together with the costs of each active and passive member for the
deterministic optimum. At the optimum, the damping ratio of the
third mode is 3.1% and the damping ratios of the other three modes
are all 3.0%.

To test whether the deterministic optimum in Table 2 was the
global optimum we solved the deterministic optimization prob-
lem starting from several initial designs, including the optimum
reliability-based design presented in the next section. In all cases,
the optimization algorithm converged to the deterministic optimum
shown in Table 2.

Reliability-Based Optimization

Reliability-based optimization accounts for uncertainties. There
are many types of uncertainties, such as uncertainty in the flexi-
bility of the joints. These uncertainties can be classified into two
categories: modeling and random. Modeling uncertainties are the
result of simplifications in modeling and analyzing the structure.
Random uncertainties are the result of variability between samples
and variability in the conditions under which the members operate
(temperature, amplitude of vibration) during the same experiment
or from one experiment to another.

Only random uncertainties in the gains and the damping factors
were considered for this example. The gains and the damping fac-
tors were assumed to be independent, Gaussian random variables
whose coefficients of variation were equal to 10%. Subsequently we
examine the effect of errors in the probability distributions of the
random variables on the system failure probability of the optimum.

After the uncertainties were defined, the truss was optimized by
minimizing the probability of system failure P (F}). Asin the deter-
ministic design, the total cost associated with the active and passive
members was not allowed to exceed the maximum allowable cost.
Formally, the following optimization problem was solved.

Minimize:

FP(F,) )
Subject to:
c = 100[E(x;) + E(x2)] + 20[E(x3) + E(x4)] < co

Calculating P(F,) can be a formidable task that involves calcu-
lation of the probabilities of failure corresponding to each vibra-
tory mode and the joint probabilities of failure corresponding to
all possible combinations of vibratory modes.' 2 Fortunately, there
are approximate procedures for making that calculation that are, in
most cases, reasonably accurate. Examples include first- and second-
order, second moment methods for calculation of the probabilities
of failure corresponding to each vibratory mode and combinations
of these modes, and the first- and second-order Ditlevsen bounds
for derivation of P(F,) from the given probabilitics.'>'® In the

Table 3 Reliability based optimum for 10-bar truss example

Member type/member Mean values of normalized

number gain or damping factor Cost, $
Active/1 1.941 194.1
Active/2 0.413 41.3
Passive/3 0.675 13.5
Passive/4 0.0 0.0
292 Increasing cost
Increasing damping
Ca ’
—_—{ =3%
- - - cost = $249
2.0~
Normalized .
gain, Optimum
X1 81, 8o
18- 4
1.6 I L L |
0.4 0.5 0.6 0.7 0.8

Normalized damping factor, x5

Fig. 3 Design space for deterministic optimum; each curve, except
cost, defines a 3% damping ratio for the corresponding vibration mode.

present study, a second moment method and the second-order, upper
Ditlevsen bound were used to estimate the system failure prob-
ability.

The maximum allowable cost ¢y was the same as that used in the
deterministic optimization. Design variables were the mean values
of the normalized gains £(x,) and E(x,) of the active members
(members 1 and 2) and the mean value of the normalized damping
factor E(x3) of one of the passive dampers (member 3). The damping
factor x4 of the other passive damper (member 4) was assumed to be
zero for the following two reasons. First, in the deterministic design
x4 was found to be zero. Second, as is shown in the following section,
the system reliability index for the deterministic design was [ound
to be insensitive to xy4.

Table 3 presents the mean values of the gains and the damping
factors together with the costs of each active and passive member
for the reliability-based optimum.

Description and Comparison of Deterministic and
Probabilistic Designs
Deterministic Design

The design space for the deterministic optimum is shown in Fig. 3.
Recall that the objective was to maximize the minimum ¢; subject
to an upper limit on cost of $249 and that the optimum was found
using mathematical programming techniques. In Fig. 3, cost and
damping ratios increase toward the upper right. The optimum design
is bounded from above by the line defined by cost = $249. Moving
to the lett along that line causes ¢4 to decrease, whereas moving to
the right causes ¢| and ¢, to decrease. At the optimum, the damping
ratio of the third vibration mode is 3.1%; for the first, second, and
fourth modes, the damping ratios are all 3.0%. Note that, according
to the deterministic analysis, mode 3 is less important than the other
modes because its damping ratio is highest.

The effect of the normalized gain of active member | on the
damping ratios of the four vibration modes is depicted in Fig. 4.
Modes 2 and 3 are the most sensitive, whereas mode 4 is the least
sensitive. As in Fig. 3, the deterministic optimum is at the inter-
section of the lines representing modes 1, 2, and 4. The damping
ratio of modes 1, 2, and 4 is 3% at the intersection. The probability
of system failure for the deterministic optimum was estimated. For
each mode, failure was defined to occur when the damping ratio of
that mode was less than 2.5%. System failure was defined to occur
when any of the damping ratios of the first four vibration modes
fell below 2.5%. The remainder of the section presents the results
of probabilistic analysis performed on the deterministic design.
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Table 4 Probabilities of failure of modes, system probability of
failure, and system reliability index of deterministic design

P(F), % PUR).% PF).% PF).% PF)% By
1.06 4.65 2.28 0.23 4.81 1.664
Mode
3.2r
3.1
3.0
Damping ratio, {;,
percent
2.9
2.8
2.7 j

! 1
1.75 1.80 1.85 1.0
Normalized gain, x4

Fig.4 Deterministic optimum; effect of normalized gain x; on damp-
ing ratios of first vibration modes.

Failure B P (Fq)
20 limit P(F3)
15
Probability 1.0
density -
0.5
0

1 L 1
225 250 275 3.00 3.25

Damping ratio (%)

Fig. 5 Comparison of probabilities of failurc of modes 1 and 3.

Table 4 presents the results of a reliability analysis of the deter-
ministic design. Model 2 is the most critical mode, and mode 3 is the
second most important mode. The probability of failure of mode 4
is small compared to those of the other modes. The safety of the de-
sign is indicated by the system failure probability, P (F,) = 4.81%.
Another measure of the safety of the design, the system reliability
index, is also given in Table 4. The system reliability index f; is
defined by

R, = ®(B,) (5)

The system failure probability was also estimated using Monte
Carlo simulation with 10,000 samples. This probability was found
to be 5.23%, which is approximately 9% larger than the probability
estimated using the combination of second moment method and
Ditlevsen bound [ P(F,) in Table 4].

Regarding the relative importance of the modes to system failure,
deterministic analysis and probabilistic analysis reach different con-
clusions. Specifically, deterministic analysis indicates that mode 3
is the least important of the four modes (Fig. 3). However, a proba-
bilistic analysis of this deterministic design indicates that mode 3 is
the second most important mode. Specifically, according to Table 4,
the probability that the damping ratio is less than 2.5% (the value
that corresponds to failure) is more than twice as great in the third vi-
bration mode as it is in the first vibration mode. Therefore, mode 3 is
actually more important than mode 1. Figure 5 helps explain the dis-
crepancy between the conclusions of probabilistic and deterministic
analysis. According to this figure, although the average damping ra-
tio of mode 3 is larger than that of mode 1, the standard deviation
of the damping ratio of mode 3 is so large compared to that of mode
1 that mode 3 has higher failure probability than mode 1. The areas
that correspond to the failure probability of modes 3 and 1 are in-
dicated by the dotted and cross-hatched regions, respectively. The
dotted region includes the cross-hatched region.

Table 5 Deterministic design: logarithmic sensitivity
derivatives of reliability indices for failurc modes with respect
to standard deviations of gains and dampers

Member I 2 3 4
number/mode (active) (active) (passive) (passive)
1 0.89 0.11 4} 0
2 1.0 0 0 0
3 1.0 0 0 0

'
=
=

0.44 0.37 0

Table 6 Probabilities of failure of modes, system probability of
failure, and system reliability index of reliability-based design

P(Fy), % P(F3). %  P{F). % P(Fy), % B
22 20 1.0 0.23 2.739 1.921

P(F2), %

The logarithmic sensitivity derivatives of the reliability indices
for the four failure modes with respect to the standard deviation of
the gains and damping factors are presented in Table 5. As used
herein, the logarithmic sensitivity derivative of f(x) with regard to
x is given by x(d/dx)(log, f), which is x(f'/f). This derivative
gives the relative change in f caused by a unit relative change in
X, or it can be interpreted as the percent change in f caused by a
19% change in x. If f is the reliability index and x; are the standard
deviations of the random variables, then the sum of the logarithmic
derivatives is unity, as shown in Table 5. The following observations
are made.

1) The reliability index for failure mode 1 is sensitive only to the
uncertainties in the gains of the active members (members | and 2).

2) The reliability indices of failure modes 2 and 3 are sensitive
only to the gain of member 1.

3) Both active members and the passive damper (member 3) pro-
vide damping to vibration mode 4. However, the reliability index
for failure in this mode is more sensitive to the uncertainties in the
gain of the second active member and the passive damper than to
the uncertainty in the gain of the first member.

4) The second passive damper (member 4) is unimportant; none of
the failure modes is sensitive to the damping factor of this member.

Probabilistic Design

Table 6 presents the probabilities of failurc of the four modes
and the system failure probability of the probabilistic design. The
system reliability index of the probabilistic design was calculated
to be 1.921, which corresponds to a probability of failure of about
2.7%. The failure probability was also found to be about 2.7% using
Monte Carlo simulation. By comparing Table 6 with Table 4, it
can be seen that the ranking of the failure modes is different. For
example, the probabilistic design is more likely to fail under mode 1,
whereas the deterministic design is more likely to fail under mode 2.
It is also observed that the probabilities of failure of the modes of
the deterministic design differ more than those of the probabilistic
design.

Figure 6 shows how the probability of system failure and the cost
vary with the mean values of both the gain x| of active member 1
and the damping factor x; of passive member 3. In Fig. 6, the mean
value of the gain, x,, of active member 2 is equal to 0.413. which
is the valuc that x, takes at the optimum. The solid curves corre-
spond to constant values of the probability of system failure P(F;).
The dashed lines correspond to constant values of total cost ¢. The
reliability-based optimum is indicated by the triangular symbol. At
the optimum, the line that corresponds to a cost of $249 is tangent
to the curve that corresponds to a probability of failure of about
2.7%. Starting at the optimum, a move to the left or right along that
$249 line causes the probability of system failure to increase. This
confirms the fact that, out of all the designs that cost $249, the prob-
abilistic optimum (triangular symbol) has the smallest probability
of system failure.

Figure 7 shows how the safety of optimum probabilistic designs
varies with the maximum allowable cost. The vertical scale at the
left is the system reliability index. The vertical scale at the right is
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timum for cost = $249.
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Fig. 8 Derivatives of system failures probability with respect to mem-
ber cost and deterministic optima.

the probability of system failure. The horizontal scale is the max-
imum allowable cost. Over the range of costs shown, the safety of
the system increases as the allowable cost increases. The circle in-
dicates the failure probability (rather than the reliability index) of
the deterministic optimum.

Comperison

In the reliability-based optimization procedure used herein, the
probability of system failure is minimized subject to the requirement
that the cost is less than an upper limit. The cost is the sum of the
costs of the active members and the passive dampers. Therefore, the
optimality criterion for the probabilistic optimum is

dP(F,)

= const for i=1,...,3 (6)
Bc,-

where ¢; is the cost of the ith member. According to this criterion,
at the optimum, the three sensitivity derivatives in Eq. (6) are all
cqual. The three sensitivity derivatives for the deterministic and
probabilistic optima are presented in Fig. 8.

For the deterministic optimum, the sensitivity derivatives are not
equal; therefore, the deterministic optimum violates the optimality
criterion. The sensitivity derivative with respect to the cost of mem-
ber 1 (the first active member) is largest, and the sensitivity derivative

Table 7 Comparison of the deterministic and
probabilistic optimum

Deterministic optimum  Probabilistic optimum

x| 1.8483 1.941
X2 0.53 0413
x3 0.56 0.675
Cost, $ 2490 249.0
P(F)(By)* 0.048(1.664) 0.027(1.921)
P(F)HP(BH" 0.052(1.628) 0.027(1.927)
min(zy,....24) o1 =0 =g =0.030 o1 = 0.02954

4Estimated using the second-order, upper Ditlevsen bound.
bEgtimated using Monte Carlo simulation with 10,000 replications.

with respect to the cost of member 2 is the smallest. Moreover, the
sensitivity derivatives of member 3 of both probabilistic and deter-
ministic designs are almost the same. Therefore, by increasing the
gain of member ! and reducing the gain of the other active member
and/or the damping of the passive member, the safety of the system
can be improved without exceeding the budget.

In contrast, for the reliability-based optimum, the sensitivity
derivatives are almost identical. This means that, as long as the
total cost is fixed, the safety cannot be increased by changing the
gains and the damping factor.

Table 7 compares the probabilistic and deterministic optima.
Specifically, for each optimum design, it presents the mean val-
ues of the gains of the active members and the damping factor of
the passive member, the cost, the system probability of failure, and
the lowest damping ratio of the four vibratory modes of each de-
sign, calculated assuming that the gains of the active members and
the damping factor of the passive member are deterministic and
are equal to their mean values. Note that deterministic optimization
seeks to maximize the value of the lowest damping ratio. Although
the two optima cost the same, each design is better according to
its own criterion. The probabilistic optimum is considerably safer
than the deterministic optimum because the probability of failure of
the probabilistic optimum is about 56% of that of the deterministic
optimum. On the other hand, if one ignores uncertainties and cal-
culates the lowest damping ratio of each design one will find that
deterministic design is better. Of course, the ultimate test is how a
design behaves in the field. If the model of the truss and the model of
the uncertainties are accurate, then, in an experiment, it is likely that
the probabilistic design will perform better than the deterministic
design because it has lower probability of failure.

The reliability indices of the two optima were also evaluated using
Monte Carlo simulation. The results, which are also presented in
Table 7, agree with those obtained using the combination of second-
moment methods and the second-order, upper Ditlevsen bound.

Figure 9 compares the histograms of the damping ratios of the
four modes of the deterministic and probabilistic designs. These
histograms were caiculated using Monte Carlo simulation (1000
sample points, whereas 10,000 sample points were used earlier).
The probability of failure of each mode is the number of sample
points that lie to the left of the minimum damping ratio, which is
2.5% (indicated by the dashed lines in Fig. 9). The deterministic
design is more likely to fail under the second mode than any other
mode. The probabilistic design trades a small amount of reliability of
the first mode (failure probability increases from 1.1 t0 2.2%; Tables
4 and 6) for a significant increasc in the reliability of mode 2 (failure
probability reduces from 4.65 to 2.0%; Tables 4 and 6) by reducing
the mean value of the damping ratio of the first mode and increasing
the mean value of the damping ratio of mode 2 (Fig. 9). This results
in a design that has significantly lower system probability of failure
than the deterministic design and costs the same.

Although the probability of failure of the probabilistic design is
roughly 50% of that of the deterministic design, the difference of
these probabilities is too small to be measured experimentally atlow
cost. Specifically, we expect that we will need about 500 experiments
to validate the superiority of probabilistic optimization. Therefore,
we need to redefine the optimization problems so that the difference
in the failure probabilities of the alternate optimum designs is large
enough to be measured using few experiments (e.g., 30). However,
the difference in the probabilities of failurc in Table 7 was deemed
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Table 8 Effect of errors in the assumed probability distribution of x,
on the probabilities of failure of the probabilistic and
deterministic design

Probability Probability of failure of Probability of failure of
distribution of x, deterministic design probabilistic design
Uniform 0.016 0.005
Lognormal 0.043 0.025

Normal 0.052% 0.027*

*Estimated using 10,000 replications.
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Fig.9 Deterministic and probabilistic designs: histograms of damping
ratios of modes.

sufficiently large for analytically demonstrating the advantages of
probabilistic design. Maglaras et al.'” describe a methodology for
determining the values of the problem parameters (e.g., standard
deviation of damping factor of passive member, minimum damping
ratios) so that the difference between the probabilities of failure of
the probabilistic design and deterministic design is large.

Effect of Errors in the Assumed Probability Distributions of the
Random Variables

In real life there is rarely enough information for finding the
type of the probability distributions of the random variables. Fox
and Safie!” have shown that the type of the assumed probability
distribution of the random variables significantly affects the esti-
mated probability of failure and that the normalcy assumption is
unconservative. They have also issued guidelines for selecting the
probability distribution of a random variable, which leads to esti-
mates of the failure probability that are conservatively consistent
with the information available. To examine the effect of such er-
rors on the effectiveness of the probabilistic design, we assumed
that in reality the gain of the first member x; was either uniform
or lognormal. (We present results in cases where only the assumed
probability distribution of x; was different than the actual one be-
cause we found that the types of probability distributions of the
other random variables did not affect the probability of system fail-
ure.) The coefficient of variation of x, was assumed to be 10%.
We calculated the probabilities of failure of the deterministic and
probabilistic designs using the actual probability distribution and
using Monte Carlo simulation with 1000 replications. The results

are shown in Table 8. It is observed that in both cases, where x; is
uniform or lognormal in reality, the probabilistic design is still safer
than the deterministic design. However, we cannot draw any general
conclusions about the sensitivity of the optimum to the normalcy
assumption because Table 8 presents only two cases.

Conclusions

This report has proposed and described an analytical and experi-
mental study for comparing reliability-based optimization with de-
terministic optimization. The study involves designing, testing, and
comparing alternative structural designs obtained by probabilistic
and deterministic methods. The experimental portion of the study
is practical because of the following two important features:

1) The study uses a modular truss that consists of many identi-
cal members. After the truss is tested, it can be disassembled and
its members rearranged. Then it can be reassembled and retested,
assuming that no damage is inflicted to the truss during testing.

2) The designs are compared by testing their dynamic perfor-
mance. Failure is defined to occur if the dynamic performance is
unacceptable. Thus, failure does not imply destruction of the struc-
ture.

These two features allow many random samples of the same struc-
ture to be constructed and tested using a small number of members.

The following are the conclusions from an analytical example
prescnted herein:

1) In the example, reliability-based optimization produced a de-
sign that was more reliable than, and cost the same as, the cor-
responding deterministic optimum because reliability-based opti-
mization accounted for some of the uncertainties in a rational way
and reliability-based optimization accounted for the sensitivity of
the cost and performance of the system with respect to these uncer-
tainties.

2) Deterministic analysis incorrectly ranked the failure modes in
lerms of their importance to system reliability.
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